UNIT -V 


LAPLACE TRANSFORM 


Def. 


Exponential order 

A function / (t) is said to be of exponential order if 

Lt e~ sl f(t) = 0 


t -* OO 


Example 1 Show that x 11 is of exponential order as x oo , n > 0. 
Solution : 


Lt e ax jc n 

x -♦ oo 


X n [ co 

= Lt - — i.e.. Indeterminant form 

ax oo 7 

x — <x> e L J 


x OO a € 


ax oo 


[ 


TX JC n ^ I oo 

Lt -r— I ~ i.e., Indelerminant form 


[Apply L’ Hospital Rule]’ 


= Lt n ^ ’■ [Repeating this process we get] 


_n „ax 
x -» oo CL C 


= Lt 


n ! 


_n „ax 
x -* oo a e 


[Applying L’HospitaPs rule] 


n ! 

oo 


= 0 


Hence Jt n is of exponential order. 

Example Show that t 2 is of exponential order, 


Solution : Lt e st t 2 — Lt 


t -► oo 


t-> » e 


t z _ . 

,st |^oo 1<e -> 


Indeterminant form 


[Apply L’HospitaPs rule] 


t_ r 

St 


It 2t I 00 r 
= Lt -- — form 

oo 


t -* oo se 


= Lt 7 ^ 

t -♦ oo s e 
= 0 


[Apply L’Hospital’s Rule] 


2_ 

CO 


Hence t is of exponential order. 


Example 


Show that the function 


j- 

f (t) = e is not of exponential order. 

Solution : Lt e~ st e l = Lt e~ st + t 

t oo t 00 

oo 

= e — co 


So f (t)—e is not of exponential order. 



Define function of class A. 

■ 

Solution: A function which is sectionally continuous over any finite 

interval aud is of exponential order is known as a function of class A. 

♦ Important Result 


(1) LflJ 


where j > 0 


(2) L[/ n ] = 




n,+l 


r 


where n = 0, 1, 2, 


(3) L[i") 


r it +1 

ji+i 


where n is not a integer. 


(4) L[e at j - 


1 


s -a 


where J > a or s -*■ a > 0 


(5) L[r at i - 


s + a 


where s + a > 0 


(6) L[sin at j - 


s 2 + 


where j > 0 


(7) Lfcos at\ - 


2,2 

s + a 


where s > 0 


(8) L[sinh at] = 


a 


? ~a‘ 


•> 2 


where s > j a \ or s~ > a 


F ^ -j 

(9) L[cush at] - z - ■ t where s > a 

J* »— g* 


(10) L[af (t) ± bg (f)j = jL [f(i)j tb L[£(r)] [Linearity property] 


x x . X 


2 


Note; (1) “ 1 + tt + T2 + ’■* 


h> « »“ 

* *■ 1 + !T"u + "‘ 


(2) f 


- w ^ _L ^ 1 = o 
€ 


(3) r n+1 = «i 









00 


(4) T n+: = / * n e X dx 

0 

(5) r n+1 -»r„ 

(6) I\* = ^ 


(7) / e** sin bxdx = 


.ax 


2 , .2 

a + d 


ax 


[a sin bx - b cos ta] 


(a cos bx + b sin iur] 


(8) X cos bx dx = " 2,2 

fl -r t) 

(9) sin 3 0 = ^ [3 sin 0 - sin 3 0] 

(10) cos 3 0 = 4 [cos 3 9 + 3 cos 6 ] 

(11) sin A cos B = \ [sin (A + B) + sin (A - B)] 


(12) cos A sin B = 


(13) cos A cos B = 

(14) sin A sin B = 


± [sin (A + B) - sin (A - B)] 

^ [cos (A + B) + cos (A — B)) 

A* 

—i [cos (A + B) - cos (A - B)] 


52 TRANSFORMS OF ELEMENTARY FUNCTIONS 
BASIC PROPERTIES 


Result (1) : Prove that L[l] = - where s > 

0 



00 


Proof : We know that L \f (f)] = / e si f (t ) dt 


o 


Here / (0 = 1 


oo 


L[ll = 


—St 


/ e~* l dt 


o 


—St 


—5 


i oo 


0 


-4 [•-].“ ■ 4[‘-“-I 


= ——[0 — 1] by note (2) 


= j > 0 
s 



Result (2) : Prove that L [t"] = -jg- f„ = 0 , 1, 2, ...] 

s 

Proof : We know that 


W (OJ 



e st f(t)dt 



e~ st t n dt 




K~ s ) 


oc 


0 






oo 


- 0 ) + 7 / 

** 0 



«n —1 



i.e.. 

L [c n ] 

= — L [t n-1 J 
s 1 1 

Similarly 

JC 

3 

1 



Uf" - 2 J 

- "M' n-3 J 


L[/ 


n-(n-l) 


j = H - & JZ *) L j> - (n - 1)] - Ijl 

" 7 L M “ 7 L tD = 77 


L[r n ] = - - 


n n — 1 
s 


2 1 
s s 


1 

s 


s s 


n\ _1 
c n s 


~~ where [n = 0, 1, 2, „.} 


I 


Result (3) Prove that L[t"} — where n is not a integer 


Proof : We know that 


oo 


W (01 = 

0 


oo 


L[' n ] = f e~ st t n dt 





as f -♦ 0 => x -* 0 
as (•*» 


Pul st = x 
s dt = dx 





i.e„ U/") = 


r„+i 

_n+l 


00 


when n is a positive integer, 
we get T n+1 * n \ 


IV / x?e~ x dx 

o 



II. PROBLEMS BASED ON TRANSFORMS OF ELEMENTARY 
FUNCTIONS - BASIC PROPERTIES 


Example 1 Find L[t] 
Solution : Lit"] — 


[we know that] 



Example 

Solution 


2 Find L [I 3 ] 


We know that L [f n ] 

% 

tif 3 ] - 




Example 3 Find L(vT) 

Solution : We know that Lff") - 


r vi +1 


MVFJ - Hf vs ] 



I V r n+1 = n r„ ; = VtF] 



Example 4. Find L [t i2 ] 
Solution : 


We know that L[f n j 




^ ft + i 



+ 1 


3 

2 








3 Vtc 

7F 


Example 5.2.5. Find L 



Solution : We know that L[f n ] 


^n+l 
.Y n + 1 




r -l/2 + l 

S ~ 1/2 + 1 


Vs 




Result 4. Prove that L [e at ] = -where s > a. 

s — a 

Proof : We know that 


Mf(0] - / e~ s 7(0d< 

c 


= Vk | 



Example 

Solution 


Example 

Solution 

W.K.T 

Example 

Solution 

Example 

SoMmN: 



00 


00 


/ e~ st e at dt = / 
0 0 


e~ (s ~ a)t 
-(* “«) 


00 


0 


_ 1 g -(s-a)i 

s — a L 


00 


0 


—1 1 

[0 — 1] = -where s — a > 0 


s—a 


s — a 


6. Find the value L |e 3t J 
: We know that 


Lle at l = — 


s — a 


L[e 3t l = 1 


s - 3 


7 Find L [e 3l+s ] 


ati — 1 


un - 


s—a 


L[e 3t+5 ] = L[e 3t e 5 ] 

= e 5 L [e 3t ] = 


s -3 


y — 3 


8 Find L 


at 


a 


: W.K.T 


L[e at ] 


s - a 


.at 


a 


- r«-[«“! - 


1 

a 


s — a 


9 Find L [2 l ] 


w.K.T. L[e at ] = 


s - a 


L[2 l ] = 


L 
= L 


,»og2 


c . I0g2j 

= L [>* 2 »] 

, 1 . 

s — log 2 



— ut-i _ •_ 1 


Result 5. Prove that L [e ] — 


s + a 


t (5 4- a) > 0 


OO 


Proof : W.K.T. L\f (01 = / e st / (r) dt 

0 


L[<T al ] - / 

0 


00 


-st —at 


00 


/ e"( s + a)t dr 
0 


— (s + a) t 


— (s + a) 


“1 00 

1 

-(s + a) t] 

. 0 

s + a 

f J 


o 

0 


5 4* a 
1 


10 - i] 


■ s + a 
-bfc 


where (s 4- a) >' 0 


Example 10. Find L [e ] 


Solution : W.K.T L[e at ] = 


s + a 


—btr 1 


He n = 


s + b 


Example 


11. Find L [2 e 3t ] 


Solution : W.K.T. L[e at ] = 


1 


s + a 


L[2e~ 3t ] = 2L[c -3t ] 


= 2 


1 


2 

s + 3 


5 + 3 


Result 6. Prove that L [sin at] — 


77 (s > 0) ) 


OO 


Proof : W.K.T. L[f(l)] = / e sx f(t)dt 

0 


OO 


L [sin at] - f e St sin at dt 

0 

i j (- 9°\ 


(*H2 


1 • * 


/ e ax b (x) dx 

a x 


a 2 4- h 2 


[a sin bx 


—st 


2.2 

s + a 


[ —j sin at — a cos at] 


00 


by Note 7. 


0 


1 

— b cos bx] 



where s 


0. 


= 0 - 


(“«) 
s 2 + a 2 


2.2 

s + a 


Example 52.12. Find L [sin 2t] 


Solution : W.K.T L[sin at] — 


a 


2 , 2 
a + a 


L[sin 2 t] = 


s 2 + 2 2 


s 2 + 4 


Example 521.13. Find L [sin n t] 


Solution : W.K.T L[sinal] = 


a 


2 . 2 
s + a 


71 


L[sin ji t] = -r- 

,y z + n 1 


C 


Result : 7. Prove that L[cos of] = 


2 . 2 
s + a 


(*.> 0) 


oo 


Proof : W.K.T. L[f (0 - / e _sl f(t)dt 


OO 


L[cos at] = f e st cos at dt 

o 


—st 


2 . 2 
j + a 


[ — s cos at + a sin at] 


OO 


0 


= 0 - 


2,2 

s+ a 


(-*) 


■2 , 2 
s + a 


(5 > 0) 


Example 5.2.14. Find L [cos 2t] 


Solution : W.K.T. L[cos at] = 


2 . 2 
s + a 


L[cos 2t] = 


s 2 + 4 



Example 15 Prove that L [cos at] = 

Solution : By Euler’s theorem 

_ix 


2 . 

s + a 


and L [sin at] 


e 

iat 


iat 


= cos* + i sinjc 


= cos at + i sin at 


L[e } 


— L{cos at + i sin at] 

= L[cos at] + i Lfsin at] 

Lfcos at] 4- i L[sin at] = L[e iat ] 

1 

s — ia 


. 1 


s + ia 

s — ia 


s + ia 


s + ia 


Equating real & Imaginary parts we get 

. s 


L[cos at] = 


L[sin at] = 


2 , 2 
s + a 

a 

2 . 2 
s + a 


Example 16 Find L [cos (at + b)] 

Solution : L[cos (at -1- h)] 

= Lfcos at cos b — sin at sin b] 

= cos b L [cos at] — sin b L [sin at] 


= cos b 


m - 

i 

~ 

5 

— sin b 

a 

2 . 2 

5 + a 

2 , 2 
s + a 


s cos b — a sin b 

2 ~, 2 
s + a 


Example 17 Find L [sin 2 2t] 


Solution : 


L[sin 2 2f] = L 

1 


1 — cos 4 


-1 = - 

J 2 


— L [1 — cos 4t] 


= | [L [1] - L [cos 4t] 


1 



Example 18 Find L [sin 5t cos 2t] 


Solution : 


L[sin 5 1 cos 2t\ — — L [sin It + sin 3 1] by Note 11. 


2 r +49 j2+9 J 

Example 19 Find L[(sin t — cos t) 2 ] 

Solution : L[(sin t — cos f) ] = L[sin t + cos t - 2 sin t cos /] 

= L [1 - sin 2/]. = L[l] - L[sin 2 t] 


S r 2 


s* + 4 


Result 8. Prove that L[sinh at] = —-— where s > | a 

s 2 — a 2 


Proof : sinh at = 


at —at 

e — e 


L[sinhcf] = L 


e at - <T at 


±L[e at - e~*'] 


1 1 1 
2 s—a s+a 


= | [L [<*'] - L [<r a1 ]] 


1 s + a — s + a 

2 2 2 
z s — a 


2 2 2 2 2 
^ s — a s — a 


, s > a 


Result 9. Prove that L [cosh at] = 


s 2 — a 


2 , s > | a | 


Proof : cosh at = 


e at + e -at 


L[cosh at] — 


c at + <T at 


= jL[e at + e at ] = | [l [c at ] + L [<T at ]] 


2 s — a s + a 


1 5 + a + — a 

2 2 2 
L s — a 


1 2s 

? 2 2 
z 5 - a 


2 2 ' 
5 — a 


s > j a | 



Result 10. Linearity property. 

Prove that L [a f(t) ± bg (t)] = a L [f (t)] ± b L [g (t)] 


Proof : W.K.T. L \f(t)] = / e~*'f(t)dt 


0 


90 


H °/(0 — bg (01 = 


/ e st [af (r) ± bg (0] dt 
0 


00 


00 


/ e st af (t) dt ± S e~ sl bg (r) dt 

o o 


00 


oo 


= af e~ sl f(/)dt ± bf e~ sl g(t)dt 
o o 

= aL[f(t)\ ± b L [g(t)J 


Example L [e 4t + t 4 +7] 

Solution : Lfe 4 * + f 4 + 7] 


- L [e 4 ‘] + L [f 4 ] + L [7] 
1 4* 




-1 


Example 5X26. Find L[f(t)J if f (t) = 


00 


Solution : W.K.T. L|f(0] = / e~ st f(t)dt 

0 


oo 


= / e~ si e~ t dt+ f e~ st 0dt 
o 4 

= f e~ (s + 1)t dt + 0 

o 


~(s + l)t 


~(s + 1) 


0 


- - 1 ^-^-1X1“ 

(j + 1) l Jo 


= rrr[' 


—4(s+l) 


-■] - r+r 11 ~ 


e 


—4(s + l) 


1 



Result It Ptuvt that L (f (t)J = 5 L [f ( 1)1 - f( 0 > 


Pmof ; W.K.T. H/( 0 ) 


S *~*fm 


Q 


wm 


■t* 


d 




-J/(OH) 


0 




= |0-/{0)I+f / f "/(<)* 

0 

= -/(O) +jL[f(OI 

- * l tr col -/-(O) 


Result 12 . Prove that L [f" (t)] = s 2 L (f(«] - s f (0) - f' (0) 

Proof : W.K.T. L[/ (()] = J *~ st f(l) Jr 

0 

. 

Ml 

M/"(0l = / e" a f'(t)Ji 

a 



J V (01 



/ r <o (- j ) «" S! * 

ft 


= |o-mi+*/ f l V' (o <* 

□ 

" -/' (0) + S L IT <<>l 

*> -/' (0) + s |sL [f (I)] -/(0)| by result (1:^ 
- i 5 L[f(f)]-Jr/(0 )-/'(0> 

jJotc : (15) 

w (oi = i n l [T(o] to) - i n ~ 2 f (0) •-... (o) 

B 

Result ; 13. FIRST SHIFTING THEOREM 

* If L [f (f)J = f{s) then Llsr 21 /^)) = f (i - a) 

* If L /(f)] = [hen L(# -at /(0] is p(i + u) 

i’ronf: W.K.T • <p(s) = / e~ il J{t)dl 

0 

M<*7(01- 7 

0 

= 7 «- (, - a) 7(0<a 

0 

m ^ (s - a) 

w*'m = 1 **«-*m* 

b 



AND 


- S + L r fo rf/ 

<3- 

o 

= ■+■ 


IfL PROBLEMS BASED ON FIRST SHIFTING 
SECOND SHIFTING THEOREM 


Find L [l J V - “ , j 


Solution : Lji n s |z,([ n )J s ^ 


& +■ a? 


II 


1 


11 + t 


X 


e (e + a) 


Ji 1 


Example 
Srthatictci = 


<* 4- a)™^ 1 

Find L [<■"** cos bt] 

L[i ? -a1 cos Ml = [L [cos bt |] s _ (s + aJ 




s -*■ {.* +■ a) 


4 " + 9 


(Jf + aj 2 + b 2 


Example 


Find L [e“ l sink bt] 


Solution i L[^ aL sinh hi\ = [sinh. Mjl ^ ^ 

r *_ 

I 5 2 -* 2 f , 

L J a — fa - a) 

Example Find L [ji* 1 1 t ' 1 

St.lT.tifm ; L [e l f" 1 *] - [l- _ (b _ 1} 


(s — ay — b 


1 


" 


U-t* -1) 

s n 


J S “P (l — 1) 


- m.-„. 


y2 


5 — fs — 1) 























R^ulC 14. Secnnd shilling Ihenrem 

I If L(f(r)) - ^}(f) and ti(if) = 


t>a 

0 „ f < a 


then L[G(r)] = e^ ai tfs) 

U 

Proof: LI G(01 = / e~*'G{i)dt 

0 


J3_ 

1 \ 


(>5 


£ 


f<^a> 


u 


a 


*■ 


= / e -5 ' 0 4- / e” sl /{' -d)^ 

n 


/ <““/(* ~*)dr 


Put / 

jit =* dlu 




0 


w 


■ H I '■ 


■“sa f . ^ f. f- * i i 

e j e j Vj of [. h i& a dummy wiauiej 

o 


™Ba 


MTWl 


= < “ (j) 


Result ! 15, If L[F(1)] — ^(&) untJ C > 0 then 


L[F(l - e) H<t - t)] = e (s) wtere H(t) 


1, t>0 
(J, t*0 


PrtKjff Uf(01 * J * St /(0d 

0 ' 


« 


LjF(f-c)H (f-cj = / £" iC F(J -e)H(( ~c)d 

0 







DERIVATIVES AND INTEGRALS OF TRANSFORMS 
TRANSFORMS OF DERIVATIVES AND INTEGRALS 


nesM ; t'7n Ttjimfonus of Dcrivjiiivis 
If Iff(t)I - fti) thtn L Itf(Q] = -£y(s) = - f' (s) 
Proof: f(f) = L[f #)] 




£ 

its 


m 


! <r*sm 


0 




A 


S y s 


Q 


» 


= / c“ st = -/ t)dt 

0 0 


Put t — C — U 
dt = du 


t -+ 0 =*■ u —c 
t -* co => u -* oo 


= / e ~ s(u + c) F (u) H (u) du 
-c 

oo 

, = e~ sc f e~ su F (w) H (m) du 

C 

/ «T SU F (u) 0 du + jf 

—c 0 




00 

/<T SU 

o 


F (u) du 




F (t) dt [Y u is 


= e~ sc L [F (01 = ^" SC <P (*) 


su F(u)du 


dummy variable] 






mm = -f 

Corollaiy > If L [/(()] = ^(.r) ihcn Ljt n f(()] = 
Proof : W,K.T. = - f 1 (*) 

L[^/(t)l = Mf^/CO] 

= -£w*>! 

as 

« M 3 ^ f(s) 

rfs £ 


4^/COI = 



(-1 r <?* to 


PROBLEMS BASED ON TRANSFORMS OF DERIVATIVES 


Example L Find L Lt sin Z\\ 

Solution : W.K.T. Lfr n /<0)= (-1)V(0 


Mf srn 2i) 


-j-\h (sin 21)] 


~ 4 g 

(y 2 + 4) 2 



4s 


4j 


(S 2 + 4) 1 


2 

* 4 


Example 2. Find L fr'e"' 31 ] 

Solotflo ; W.K.T Lfi^/CO) = (“1)" 




t 

ds 2 


$ +■ 3 

























Example 3 
Solution : 


Find L [te 2, s[iit] 


L{f e -2L sinfJ = —r; [L (tf 2t &Lci /)| 


(]).-(. *2)1 = 


rfs 


f*+X 


_ i * (* + 2 ) 


d 


ill 


(if + 2f + t 


2 0 + 2) 

— I a 111 

f(j * tf + if 


Example 


Find L [r.sin 3tcos2t] 


d 


SoluUun ; V\t sin 3( tos 2t\ “ [L {sill cos 2f)] 


(is 


±j£.(&i»5*) +L(SmOJ 


1 d_ 

2 ds 


/ +25 


j*+ 1 


5s 


(/ + 2 sf (j 2 + l) 1 


Example 5, 


Given thal L Isin Vt 1 


2* T s 


I/4k 


flntl L.T h EKf 


Vt 


cos 


■/F 


Solution : Lcl / (f) ^ sjji 

/' to = 

LIT COJ = ^If(01 -/(0) 





























Esampk 6 


Show 


Solution 


0 


[hat Je _1 t(ii!itilt = 0 

fdf = 


|l(™o 


- 


d_ 

ds 


\ 


S+l 


!\ 


s-l 


■ iifll’l JLLh 






(i 1 + l] 


% 


1 


sH 


r 

s 2 + 1^2j 2 



1-/ ’ 



i (** + l)* 

. ■ 

S-l 


l(r 2 * l) 5 

L. ■ 



|-(D)J “ 0 




Example J Kind Lite 1 coshIJ 


Solution : 


' t o£>shiI ® coshl] 


s + 1 


& (j *■ I) 2 -1 

' y , ,.2 * 


fr+ir-i-2fr+iE 

«t + i? - it 1 


l^ 2 1)] 

Hr + i) J -1] 2 

_ (s + if +1 g 5 + 2? + 2 

(j S + 2 sf f 4 + + is 


Result 13, integrals of transform 

If L I/ 7 (0] p and y/(f) has a limit a* f-*Q then 

# 


/« 


= J f(s)4s 


Proof i = L y{(}] 


EC 


/ <p[s)ds - / L]f{t)]ds 


EC K 


Of » 


= / I c a f(t)tiitk : ® [J e St f(t)dsdi 

fi & Pa 

[since s and l arc independent variables and hence (be order of inti^uticn 
in the double integral can be interchanged! 


•» 


im 

0 


r* 

1 / r“ as 


w 


dt = J f(t) 
0 


-M 


-f 


dt 


a, 


J m 

fl 




a + 


3 ? 


-hi 


<n = ! m-r* 




0 




-/» 

















































ta, l 


•7 tt) 


= j 


PROBLEMS BASED ON INTEGRALS OF TRANSFORM 


Entflmple ® . Find L 


1 


,1 


Solution : L 


jAO 


■JJ 


w 


= /'? 0)* = J L (/" (f)] ds 


1-e 1 


f L [1 - / 

S £ 


fi —L.1 * 

L r S ~K 

■p 

[log s - log (j - I)] " a [log 


= ; log 


L T (1 - 1/s) 


-IS 


= kyr 


i/j 


J 


0 - log —- = log 


S - I 

Liu I "" 

■ l y 


Ewnnplef Find L 




sin at 

t 


|,VU. ( March mb] 


Solution : L 


}/* 




f sin a( 

H J 


h. - 


•u 


■w 


= / L [sin at ] ds = f 


S s 2 +a 1 


ds 











































INITIAL AND FINAL VALUE THEOREMS 


♦ INITIAL VALUE THEOREM 
If L ff (l)] = F (s), then Llf (I) ^ Lt 5 F (a) 

| ■+ d ji ■** -qib 

Proof ; W.K.T. 

mt' wi - 

s f( 5) - r coj 


jF(j) ~/(0) = L[f' <01 


QE 


f r ei r (t) * 

D 


00 


Lt r. F (s) - f (0)1 - Lt / 

S -► 00 L J s oo 0 


e -st f'(t) dt 


Lt s F (s) - f (0) = 0 [7 e « 0] 

S 00 

i.e., Lt s F (s) = / (0) = Lt f (t) 

s -» 00 t -+ 0 

Hence Lt f (t) = Lt s F (s) 

t *♦ 0 s *♦ 00 


♦ FINAL VALUE THEOREM 

If L f (t) = F (s), then Lt f(t) = Lt s F (s) 

t 00 s 0 

Proof : W.K.T. L\f'(t)] = s L \f (f)] -/(0) 

00 

s l If (0) — / (0) = w (<)] = /«'“/■«<# 

0 


00 


Lt [j L [r(01 -/(0)1 = Lt JV a /'((),* 

s-*0 s0 0 


a r 


an 


00 


00 


//■(«)<# = / dvm =/(ol 
0 0 J 


00 


0 


UjF{j)-/(0) = /(»)-/(0) 

s -* 0 

LtfF(j) =/(») = a/(o 

s 0 t 00 

Hence Lt /(f) = Lt s F (y) 

t 00 $ -# 0 


PROBLEMS BASED ON INITIAL VALUE AND FINAL VALUE 
THEOREM 


E\ain]>fc £41. If L If (t)) = 


777777, find U f (t) mi Uf(t) 

sr *v {-* wi i^0 


Solution : Le / (f) « H $ t F (j) 
i 0 i ■+ * 


Lt 3 ■ ■ ■ . « Lt “ = 4 = 0 


s ■+ 




S-mb 


1 


Lt /(i) - Lt i F(s) = Lt i - , 

1+n i-*G s -* 0 s ls + a ) 

-u-L.i 

Example 2 r Verify the initial And final vahie theorem for the function 
f(lj = 1 + e _l (sin t + cos t) 

Solution ; Initial value Ihunrcm States that 

lint f{i) = lim s F (s) 

C ■+ O' j -+ m 

4/(0] = F W w » + 'L|dfti+«wi t * J + l 

u- 


::=1 " + 


1 


i + 1 


J (f + if + 1 ’ (s +1) 2 +1 


s +2 


LH.S 


-L- , 

* (s + l) 2 + 1 
= Iim/(f) = 1 + £ 

t ■* o 


,S = lira s 


it 


j + 2 


lim 

i -K uS 


E -* W (it + 1) + 1 j 

' \ 

sU + l) 


1 + 


(j +1) 3 +1 


= lint 

S-»?J 


1 + 


( l+ i) 


['*!*% 


lim 

t 4 " 


I + 


1 + - 
$ 

— — u—m— 
2 2 

,+ H 


*1+1*2 


L.H.S, * R.H.S. 


Initial value, theorem verified 






















Final value theorem states that 

lim/(0 = lim s F (j?) 

t "* CO s 0 

5 -v* if/- 

L.H.S.^*■ = lim [l + e -t (sinf + cost)] 

t OO 

= 1 + 0 = 1 

R.H.S. = lim i + 

s - 0 (s + if + 1 

= 1 + 0 = 1 

L.H.S. = R.H.S. 


Final value theorem verified. 


Example 3, VsHfy the initial and final value thenniins fnr f (t) - 3 


Solution : j(t) « 3e 


-2L 


m =« Ltr(O) - ipe" 2 '] » 3 


s + : 


Initial value ibecrem ; U fit) = U &F(s) 

i -»^ (■*« 


.H.S. ^ Lt /(O - 


U 3e' 2 ' * 3 


ft,ES «UjF(s) = Lt .t 

s ■* ■= # ■*» * V 


3 1 


= Lt 


3j' 


1 + 2} S c«.J + 2 


U ■ 

5-» *i 


3s 




= Lt 


+ 


3 


= 3 

A 


L.H.S =* R.H.S, 


Hence Initial value iheoretn verified. 














Final value theorem Lt f(t) - Lt s F (s) 

t ■+ 00 S ■* 0 


L.H.S. = Lt /(f) 

t -* 00 


1 -7t +1 

Lt 3e 2t = 0 

t -> 00 


[V = 0] 


R.H.S. = UiF(i) = Lt s 

s-*0 s -> 0 


a \ 


s + 2 


= 0 


L.H.S. = R.H.S. 


Hence Final value theorem verified. 

TRANSFORMS OF UNIT STEP FUNCTION AND 
IMPULSE FUNCTION 


♦ UNIT STEP FUNCTION (Qfl) HEAVISIDE'S UNIT STEP FUNCTION 

PROBLEMS BASED ON UNIT STEP FUNCTION 


Example 1. Define the unit step function, 
Solution : 


The unit step function, also called Heavi side's unit function is defined 
as 


U{!- 0 ) 



0 for t < a 
1 fort > a 


L< 


This is the unit slep functions m i = a 
It can also be denoted by H (f-f). 

■I 

Example 2 , Give the LT, or the unit step function. [MU, Oct., %[ 
Solution : 


Thu L.T, uf the iin.it &ep function is given by 

■>] 

L [U (i-s)J t / e“ 5 ' U (t - s) dt 

0 t 



= f *-™dt - 

i 









-"■a* 












transform of periodic functions 

Deline period ft function and stale its Laplsme transform formula. 

♦ Def. Periodic 

A function /fc) is said to be "periodic? if and only if/fr + p) -ffc) is 
true for some value of p and every value of x. The smallest positive value ol 
p f Qr which this equation k true for every value of X will be called the period 

of the function. 

The Laplace Transformation of a periodic function/( j) with period p 

given by —^3— J e lL / (0 $ 


Proof ; 


UfWl 



im 


= J e~*fit)ill + J e il }{t)dt 

0 p 

Put i = u +p in the second integral 

i.c, p u •= t-p t-*p * 

I.C., du = dt t ■* “ * f* ■* * 

la 

- f e~* l f{t)dt + +p)<ht 

0 0 

= + e -J * / e~ s,:, f(u)du [f(v + p) -/(k)1 

q 0 

p » 

= T e~ fl fu)dt +t f-ip J r 6 7 (t)dt |v u is a dummy variable] 

0 ' 0 


+ *' ap ^ If CO) 

0 


[l-«-*]L|f(0l = J <T rt / U) dt 

Q 



J e - * 1 / (0 dt 

q 


W(01 





EtimpJe I Find the Laplace ffjmsf'nrm nf the Halt wave recti Her function 


i(B = 


Ji 


Silltftj (I < t<“ 


13 


jt 


U 


- 




m rm 



i 

■ ;r -iar 

1 -e « 

I 

—z?n 




-si 


1 2 
r + w 


[^-y sines) f - t?cos wf| 


* /<a w + t> 






























f(t) = 


Rxampte 2 find the Tpansfurm of 

1 , 0<t<a 

la’-iy a <l< 2 * wifUi f(t + 2 a) — f(t) 

t ^ 


i -r 2,i « 


l 


1-4 


hi 


2 a 


$ t "tdlf! t !1 ( 2 «-[)(/; 


0 




1 


i-e 


-Zas 


l 


/.-Sl' 


-f 

\ / 


-( 1 ) 




i 2 


a 


0 


_ 


( 3 o ~0 


it 


-(- 1 ) 


/ 


.2 

\ J / 


i2i 


■i 


1 


1 -f 


-2as 


n -al „ T S[ 

a 

tf tf 


-f - , 

J r 

+ 

o !. 

■ i 

i 

_E 


im 


i [ 

r“ 

i-r 2 * 

u “ 

J j2 , 

r 

/ 

1 

|f* f“' 

“ lV s 

l 

II II 1 

2 J 2 

1 

1 


™ 1 jC 


i “ins 

1 -f 

5 l 


-asi2 

I 1 ’* ] 

f s a-r ,f 

(i+f “) 


7 

/J 


+ 


fi" SI * _it 

pa-o-r *T 

s r 


<: + d 

■ T j 1 


[1 J 


/ 




/ 


1 f ki f*» f“ 




+ fl 


2 , 2 


] -e 


■j£ 


I 


1 


—lanh 

_2 


r (l+s ) j 


g 

j 


1 






























































INVERSE LAPLACE TRANSFORM 

Now we obtain / (/) when <p ($) is given, then we say that inverse Laplace 
transform of <p (>*) is / (0- 

(1) If L]f(l)] ~ ip (r), then L' 1 \.p (j)J - /{() 

where L" is called the inverse Laplace transform operator. 

(2) ff (s) and f 2 (s) are L.T. of / (/) and g (f) respectively then 
I ." 1 [C t Pi (s) + C 2 p 2 (s)] = CiL-’ [ft (s)I + CjI^EftM] 

I 

Proof : Given : L[f (t)j = ft <■>') 

f(l) = L~* [ft (s)] 

Lfe (01 = n (0 
t (<) = r“ J h (01 

W.K.T. L[C a /(I) + C 2 g(l)J = C,I(f(f)| + C 2 ife(f)l 

='C]ipi(j)+c 2 p2(o 

Ci/ (0+c 2 g (o - r 1 iCj p, (o \Ci<h (oi 

k, r 1 |Cj P; (0 + C 2 ¥>J (01 = C]/{I) + C 2 g(l) 

^rVfO+crtlo 

kte : (1) If L[f (()] = f (0 then L[e al /(()1 = f [s - a) 

Le., If L" 1 [p (01 - /(() then 

L" 1 [jd (s - a)] = ^ [f (01 

Note: (2) If L [f(i)| = f(s) then L[tf at /(t) =p(f + n) 
i.e., If L" 1 jp(s)| = /(f) then 

l" 1 b (s +01 = 


♦ IMPORTANCE FORMULA 


1. L 


-l 


1 

s 


= 1 


2. L 


-1 


3. L 


-1 


1 


s-a 


= e 


at 


4. L 


-1 


5. L 


-1 


7. L 


-l 


9. L 


-1 


10. L 


1 


11. L 


-1 


12. L 


-1 


13. L' 


1 


14. L" 1 


15. L" 1 


17. L" 1 


1 

_ 1 

2 2 
j -a 

-N 

s 

a 

s 2 + a 2 

r i 

- c 

1 

(y - a) 2 + b 2 

-- 

- 

s-a 

(s - af + b 2 

- 

— - 

1 

(j - a) 2 - b 2 
\ s-a 1 

(J - «) 2 

Ml 

“ 

1 

-b 2 

mm 

“1 

(s 2 + a 2 ) 

- 

* m 

s 

2 

(s 2 + a 2 ) 2 
* • 

2 2 
s-a 

_ / 

(s 2 + a 2 ) 2 

1) = <5 (t) 

s 2 

“ 1 


* - sinh at 6. L” 1 


- 

i 


n 


£ 

— w 


— 

- 

J 

X 

2 

£ ■ 

- fl 

L 

ij 

2 , 2 
s +a 

m 


t 


8. L” 1 [F(j - a)] 


= 7C at sini)( 
b 


= <? at cos bt 


= ~ e at sinh fof 
b 


e at cosh bt 


1 


2 a 


3 


(sin at - at cos at) 


1 , . , 


o 


= t cos at 


/ 2 . 2-3 

(s + a) 


1 _ 

2a 


[sin at + at cos at] 


n-1 


n -1 


= cosh at 


= -sin of 
a 


- « at /(<) 



Example | 

Solution ; 


Example 2 

Solution : 


Find L 


-l 


2s+ 1 


K 2 + 4s + 13 


-] 


mm a " B a. 

■ 2t + 1 

-* 

= L- 1 ' 

2jr +1 

j 2 + 4r +13 

(j + 2) 2 + 3 2 



= L 


^ ' 2s + 4-3 


* L 


-1 



(j + 2 f + 3 2 


- L 


-] 


3 



2 + 3 2 


* 2f*ir l 


- 2b 2t ccx3f“£ £l $in3f 


.. PS. 

! 5 

1 

J 

T-l 

1 

tJ 

1 

-E 

/ + 3 2 

i 2 + 3 2 



Find l 


-~1 


-1 


1 

(s 2 +- a 2 ) (s 2 + b 2 ) 


l 


11" i■ mr u 


{? + a 2 ) (i 2 +t> 2 ) 


1 „j 


h*-J 


b l n l 

P -*■ (1 


(s 2 + Q 2 ) (s 2 + I) 2 ) 


1 ' L' 1 


b 1 - a 2 


1 


l 


2 ? 2,2 
■r + tr /+ir 


1 -L -1 


h 1 - a - « 


i 

i_ 

i_ 

T 

j 2 + ff 2 

■ H 

_ i 

j 

L 

■r--> 

L 


1 1 

i-VTI nt » » 11 11 1 if — 

a { b l - a 1 ) b (fr L - a 1 ) 


sin bi 


1 


b 1 -* 1 


- jin at - f sin bt 
a b 



















































♦ MULTIPLICATION BY s 

If L [f (?)] = <p (s) then 

L[f(0] = SL[f (0] - /(0) 

i.e., If L" 1 [?>(*)] = /(f) 
then L" 1 [s f (s)] = /'(f) 

= > = 

Provided / (0) = 0, L _1 [f(0)] = 0 
when t ■*0 


L" 1 [sF(s)l = j/(0+/(<W) 


PROBLEMS BASED ON INVERSE L,T- MULTIPLICATION BY $ 


Example 


1 


Find L 


•^1 


s 


Solution : L 


-i 


1 


-I 


s 2 + l 


j* + 1 




^ + 1 


= sin/ 


= (sin () -f sin ( 0 ) 3 (f) = cos t 



Find L 


-l 


Solution : L‘ 


s 


4s 2 — 35 


1 

1 

■ u 

_ 1 t -i 

1 


4s 2 -25 

’ 4 L 

- 2 


m jj 


4 


1 2.-i 

4 5 


5/2 


/-(V2) . 


■ 1 5i " h 2' 


1 

$ 


"l 


C* 

1 

* 


in 


sink " i 


-t cosh/1 


A 


+ i siih I (0)/(f) 


, - • 1 ,5 

+ 0 = - cosh-? 






























♦ MULTIPLICATION 0Y 1/S. 


MB ■■■■ MMI 


PR OB IP MS BAS ED ON INVERSE L,T. [Multiplication by 1 /aJ 


Example J 


If L [f(t)I n f ( 5 ), then L 


/ ((t)dt 


i.t!., L 


-l 


t 


s 


pW 


i i 

/r(i)dt h / C " 1 Lip (s)] dt 
0 ft 


;^{s) 

D 


00 


Proof: L[f(0j = / e" st /(f)df 

0 


1 

■+-* * ^ 
Lb._■ ■■ , 

(_ 

1 

II 

0 

0 

L 


J7(0* 

0 


dt 


00 

f 

o 


J7( t)dt 

o 




-St 




n ) 


I-*) 


00 

00 

-st\ 

S f(t)dt 

1° J 


e 

—s 

\ J 

m 

- / 

0 0 

e 

-$ 

\ / 


/(!)<* 


[vdiff //(0 <#-/(»)] 


00 


= (0 - o) + 7 J e~ s 7(0 <# 

5 0 


Example 4 


Solution : L 


-1 


= 7 L [f (f)] = yp(j) 


-1 


i 


l 


j (s + 3) 


_s (s + 3) i 


- J L " 1 

0 


1 


1 + 3 


dt 





































♦ INVERSE LAPLACE TRANSFORMS OF DERIVATIVES. 

W.K.T. If Lj/(()) = f (s) then !.[(/(()] = (i) 

i.e,, If L' 1 \ f (j)] = /(() then L"V (s)] = 


l 


= "<L ‘ \ f fr) 


Example 5, Find L 


-1 


(s 2 - a 2 ) 1 

s 


Solution : Let = —i _ , 

(s 2 - a 2 ) 2 


J<p'(s)ds = / 


- u 2 f 


~ds 


Put s 2 -a 2 
2s ds 


= t 


sds = T 


dt 

dt 

2 


<p(s) = / 


- a 2 ) 2 


ds 


?(s) 


Example 6 


f±& 
\2 2 




_1 

21 


2 (j 2 - 


W.K.T. L -1 (f' (s)] = -f L -1 


= -t L 


1 

“ 1 1 

- f L' 1 

| l 


2 (s 2 - a 2 ) 

- 2 L | 

(s 2 - a 2 ) 


t 1,-1 
la L 


?-a 2 


Find L 


■ Ur 1 (i 


2a 


sinh at 



Solution : W.K.T* h ^ \f' (s)] — —I (i)| 


L' 1 If (s)l = -y L’» If' (s)l 








































Example ,1 Find L 


1 

lOR 

7 ■» 1 

s - l 



S s 




a 

\ / 



Solution : W.K.T. L 1 \tp' (j)f = -fL J [p (s)| 


-1 


(or) L 1 [*»($)] 


= -y L 1 [<?’{$)] 


L 


-1 


log 


i 2 -l 




= -i l-» 

i 


- L _i 
t 


- -7 


— flog (r -1) - log i 2 ] 


d 

-1 


ds 

j 0g 2 

' J 

—* 


2 s 


s 2 -l 


1 L~l 

i 


s 1 - 1 


2s 

1 

s 


1 L _i 
t 


2s 


j*-l 


2 

s 


—y [cosh 7-1] 


f 


[1 - cosh 7 j 


Example j 


Find L 


-l 




log 


& -I-1 




s — 1 


/ J 


1. - 


Solution : W.K.T. L _1 [<p (s)] = —y L _l [y > 1 (s)] 


-1 


log 


's + l v 
5—1 


1 L- 1 

t 


■1 L " 1 
1 


d_ 

ds 


log 


's + l' 


s - 1 


\ 


/ J J 


1l“* 

f 


J 4 * l S — 1 


- flog (J + 1 ) - bg (J 


= ”7 I *" 1 ~ ^ 


“1)1 


-if,' - „-] 

2 

+-■ 

1 

r 4> 

§ 

4-1 

'■U 

1_ 

f L J 

1 

2 


= y sin.li f 


♦ INVERSE LAPLACE TRANSFORM OF INTEGRALS. 


-l 


00 


/ <P (s) ds 


jf(t) = 7 L " 1 [pW] 


(or) L _1 [p ( 5 )] = f L 


-1 


00 


/ 

























































PROBLEMS BASED ON INVERSE LAPLACE TRANSFORM 
OF INTEGRALS 


Example 


Obtain L 


-i 


2s 


(< 2 +1 f 


Soiution ; W.K.T. L 1 [f (j)] = (L 1 


» 


/ 9 (i ) ^ 


-I 


2s 


(j 2 +if 


=* t L 




2s 


/-, 2 

s (J“ + l ) 2 


(Is 


“ t L 


-I 




s 2 + l 


h 


= t L 


-t 


0 + 


? +1 


= t L 


-i 


1 


s 2 + 1 


= ? sin f 


PROBLEMS BASED ON PARTIAL FRACTION 


Example 


Find L 


-l 


I - s 


(s +1) (s 2 + 4s 4-13) 


Solution : 


1 - s 


(.t + 1) (r + 4s + 13) s + l - r r 4i- + 13 


A Bs + C 


1-j 

Put s 


2 


- A(s 4 + 4s +13) + (B s + c) + (s + 1) 
= “1 we get 1 + .1 = A(1 -4 + 13) 

2 * 10A 
A = 1/5 

Pur s = (I we get 1 - 13 A + C 

l-f + C 


13 

C = l-f 


■ c = -- 

■ 5 


■l 

Equating the coefficients of s on both sides 


0 - A + B 
B * -A 
































1-5 


1/5 , -1/55-8/5 
+ 


(5 + 1) (s 2 + 45 + 13) 5 + 1 5 2 + 4s + 13 


1 

«■ m 

1 

1 

'5 + 8 


5 

5 + 1 

5 

s 2 + 4s + 13 


1 

1 

1 

5 + 8 


5 

5 + 1 

5 

(5 + 2) 2 + 13 

VI 

-4 


1 

1 

1 

5 + 2 | 6 

5 

5 + 1 

5 

(5 + 2 ) 2 + 3 2 (5 + 2 ) 2 + 3 2 

V *p 


-1 


1-5 


(5 + 1) (5 2 + 45 + 13) 


It _1 

5 


1,-t 

5 


1 

1 l -1 

- 

5 + 2 

2 T -1 

’ 3 

5 + 1 

~ 5 L 

(5 + 2) 2 + 3 2 

"5 L 

(5 + 2) 2 + 3 2 


h' 2 ' L ~' 


- 

s 

I -~2t T "I 

3 

2 , *2 
5+3 

- _ 

5 e L 

5 2 + 3 2 


1 -t 1 -2t 2 -2t • a . 

= -<? - —e cos3 1 --e sin3f 


Example Find L 


-I 


5s - 15s - 11 


SuLuliOn 


Sr - 15s - 11 


(s + 1) (a - 2) 


3 


{s + 1) (s — 2y 
A B 


5 + 1 J — 2 


+ 


C 


+ 


D 




Sr a - 15 j - 11 = A(s-2) J +B (5+1) (s-2) 2 +C (5+1) (5-2)+D(5+l) 
Put. $ = — 1 wc get 

5 + 15 - 11 = A(-l - 2f 

9 = -27 A 

A = —- 

A 3 

n 

equating the coefficients of s on botli sides 

0 = A + B 
B-A 

B = I 


Put 5 = 2 we gel 

-21 = 3D 
D-7 



















































Put s = 0 we get 

-11 = -8A + 4B - 2C + D 


= -8 


l' 


+ 4 


v 3 / 


-2C-7 


_4 =- + --2C 
4 3 3 ZL 

= 4-2C 

-8 = -2C 


C = 4 


Ss 2 - 15s -11 


(j +1) (j - 2) 


3 


1 1 

5 + ^ + -^ 


7 


j + 1 5-2 ' (s_ 2 ) 2 (5-2) 

1 


1 


.2 


5T -155 -11 


3 


(5 + l)(5-2) 


3 


- "I L_1 


5 + 1 


+ 4L 


-l 


1 


(5 - 2)' 


+ - L _1 
3 


-7L‘ 


1 


5-2 


■1 


= ~e 1 + ^ e 2t + 4 e 2t L 1 


1 

2 


-le 2t L" 1 


1 


(5-2) 


3 


yr -i 


.3 


♦ SECOND SHIFTING PROPERTY 


L 1 [e **F(s)3 = f (I - a) U (t — it) 


PROBLEMS BASED ON INVERSE LAPLACE TRANSFORM 
[SECOND SHIFTING PROPERTY] 


Example 5,7,54, Find I, 



a + 3 


Solution : 
















































1 


11 + MI i 1-3.5 1 1 

~iy rX 7! A~ „3 Al " 

u 


2 2 2! / 2 3 3! 5 * 


1 1 1 1-3 1 1 _ 1.3.5 1 1 

ri $ ^ f'Z\f f 3 !p + 


7177 


* L 


-1 


1 


_ I L'l 
2 L 


1 

.3 


= 1- 


= 1 - 


iiJ+Mi 1 /* 

2 2 ! 2 2 


4 64 384 


+ — i L" 1 
1 2 2\ 

.3,5 I 1 (j 

^¥6!* + 


■4 


X 

.5 


■>p> 


♦ CHANGE OF SCALE PROPERTY. 

STATE AND PROVE THE SCALLING PROPERTY OF LX 


PROBLEMS BASED ON INVERSE LAPLACE TRANSFORM 

change of scale property 































Example i; 


If L f{t) ■ F(s) Clu ii L{T(ai)] = 


i K 

a 


If f(t) - L" 1 [F(s>] then L" 1 [F (cs)] - - f - 


A 

a 


oc 


Solution 


L \f (0) = / e / (0 dt 

0 




L \f (at )j = / *" S[ / (a) A 

0 


Put 1U - X 

Gift 


t 0 

t -+ (J* 


;-c -* 0 

* *+ DO 


- S «'"'V«T - I / 

Q “ “ Q 


j 

a 




i/ c “(^>7 (f ) rf( 
o 


[7 jf is dummy vanabie] 


i P 

a 


j 

at 




ip 

a 


's' 


\ a t 


i IT 1 


F ! 
L \ 


a 


/<*) 


= / (at) 


— a j (at) 


Pul h - i we get L A JF (er)J = — f 
c c 



" 

f \ 

T 

L _1 


s 


P 

rv, 



ms 


n ! 


// 


Example 14 


Sulution : 


II L [t (t)J = F<sj find L 


r 

r i' 




_ 


Oil 


L l/ CO) 


- / * *' /CO* 


■DC 


-SL si t t 


= / ^” sl / 
0 


fl 1 * ;i 


Put w ™ — 

a 

du = ^ 

ti 


0 


I -*■ OT 


ic ■■> ft 


M “* ® 




L[f(f/u}] - / e~ a f (v} adu 

0 




" fl / 


— &¥|l 


/ (k ) du 























[7 i( Ls a dummy variable) 


= a / e Ul f{i)di 
0 

= a Ffjw] 

CONVOLUTION THEOREM 

Define convolution. 

Solution , 

The convolution of two functions / {t) and g ([) is defined as 

/(0 * 8(0 Sf^)gtf-n)du 

o 

Example 14 Pwc that f(t} * g(t) - g(t) * t(t), 

i 

Solution ; / (t) * g(t) - //(«)/? ft -u)da 

o 

■3 J 

WXT.//W* 

o o 

t t 

= ff( ( - u )s V ^ <r — w)J efu = //(r-u)g(tt) (hi 

0 0 

“ / S («)/(*“ W)^K ' s(t)* /(0 
0 

Slate and prove convolution theorem. 

Solution : If /(f) and g{f) are functions defined for f £ 0 

then L [f (f) * g (f)J - L Ef (0) ■ L b(0l 

■:g 

Proof; We know that L [f(/)J = j (~ sX f{t)dt 

o 

■X 

l [/■«*«(')) = / !f(i)*s(01* 

0 

e / €' il {ff(u)g(t-u)du]{lt 

0 o 


by def, of convolution 


= J / e st /( a ) S (J -u)dudt 

0 0 

Change the order of the integration 

Given i = 0 to i - <*> 
u - 0 to « = t 


to Co 


0 u 


= / / e~*'f (li) g(i - u)dtdu 


to 


to 


J f(u) f e at g (t — «) d( du 
o 


u 


put t — It = V 
dt = ,:/v 


t -*■ H 
f —* oc 


V 


0 


Co 




/ /(«> / « 

□ o 


— {u + v J S 


£ jy) d Ik- 


t 



C® OD 

= / /(h) f e' "'* g(y)dvd£i 

G o 

to 

— S /(w) e~ us du f ^~ v ^^(y)dv [Y u and v are dummy 

G i] ■* II I 

variable | 

w -no 

= / f(t) dt / <T st *(*><* 

0 I) 

= MfW* 8 ( 0 ] - L [/(r)) l = F(.,) . G(G 

where L \f(t)\ = F (j) 

L |fi (01 = G go 

L -1 {F<j) G (01 - / 0W (<) 

= L ” 1 [F (O ] - L l |G (OJ 

PROBLEMS BASED OlSD CONVOLUTION THEOREM 

ElxuiUpk l.sinjT convention theorem find JL -1 -- ~7 ‘—rr 

j_(i + a) (a 4- b) 

Solution : 


L^ 1 [F (s). G (*}J 

= L -i l F (,)] * L" 1 [G (s)] 

pi f 1 1 

= L- 1 

LI _ 

1 

- i -i f i 

[j + « ' j + b_ 

j -J- Cl 

— V 

l/ + * 



h -bt 



fO) * S(0 « / f(u)g(t-u)du 

o 

= / <-*“ e~ h to- m >at = / iT™ e- bt £ bu du 

0 0 



























-bt 


t 


e " / e~^~ h ^du = <T bt 

o 


- (a-b)u 


(fl-b) J 


o 


= ,“ bt 


- (a - b)t 


(a — b ) —(a — b) 


,,-bt 

[1 - e~ at e bt ] 
a - b J 


1 - -bt -at- 


a - b 


[e~° l - e ] 


EtatopJe 16 Using (.onvolution theorem find L 


-I 


Solution ; 
-1 


s 


(-? + a 2 ) 2 


L"‘ |F « G Ml - L-* [F (i)] • L-" ( G Ml 

t * 1 


1 ] 

- L _I 

■J 

* f -1 

i 

(jf 2 + a 2 ) 3 

fl 


s 2 + a 3 

L 

j 2 + a 2 


= L 


-1 


i* + a 2 


* I r -1 


a 


J 




1 , 1 

w>$ C ‘ ^ £ n a * = a t 00 ® a * * s * n 


1 


= - J cos aa sin a(t - «) du 


a 

t 


1 

= - J sin (flf — fiu) cos au da 
a 0 i 

_ _1 J. sin ( at_ — au + au) + sin (at — au — au) 

a ^ 2 

" 0 ^ 


1 1 

— / [sin at + sin a (t — 2u) ] du 

Mf q 




2a 


[ (sin at) u + 


—cos a (t — 2a) 

•—2a 


\ t 

] 

) 0 


1 r , . , , cos a (£ — 2«)-j 

= s [u (sm a) +-^-q 


_ 1 _ 

2a 


[('*« + C^)-(o + ^T)] 


1 r . 

— \t sin at 4* ^ 

2a L 2a 


2a 

cos at __ cos a t 
2a 


] 


2a 

J_ 

2a 


< sm at 


du 








































Example 17 Find L 


Solution : 


L 1 (F (i) . 0 (s)\ - L" 1 IF ( 3 )] • L“> 1G (3)] 


-1 


S 


fs 1 + a") (s 1 + b J ) 


using convolution theorem. 


-I 


-l 


s 2 + a 2 s 2 + h 2 


= L 


-1 


2,2 

s + a 


4 T 1 


,Hh 2 


= cos at 4 cos iff 


= / COS&Ei cosfr (t -u)du 
0 


l ' 

- - / [cos (au + b( - bu ) + ok (ait - bt + bu) du 


o 


1 ^ 

= - / cos [(a - b) u + bt J + cos [(a + 6 )u - fci]1 du 
* 0 L -* 


1 

2 


sin (ftf + fa i sin [(a + b) u - bJj 


1 

2 


a - b 


1 sin (bt + at 


+ 


a +b 


o 


a - b 


bt) . sin + b( — bf) ' 

r a + (r 

/ 


/ 


sin bf sin frr 
a - ft ff + b 


/ J 


1 

2 


sin of , sin at sin bt , sin 

- ^ —-j- 

0-0 fl + o 0 -o a + b 


1 

■M H 

2a sin at 2 b sin bt 

1 

- 

2a sin at - 2b sin bt 

i 

i 

Si 

to 

l 

^3r* 1 

! 

I 

523 J 

tN> 1 

1 i 

^ 1 
M j 

( _ 

~ 2 

2 i2 

a -o 

IP M 


a sin at ~b sin bt 

2 l2 

a -d 













































♦ Solving of Integral equations of convolution type. 
Definition : An Integral equation of the form 

y{t) = fit) + J F (*-«) G {«) du 

o 

t is called integral equation of convolution type. 

This equation can also be expressed as 
y(') =f(t) + F(t)*G(t). 

PROBLEMS BASED ON INTEGRAL EQUATIONS OF 
CONVOLUTION TYPE 

Example 17 Solve the integral eqn* 

y(t) = 1 + / y (u) sin (t - u) du 

o 

Solution *. The given eqn. can be written as 
y (r) = 1 +jj (f) * sinr 

L \y COJ - L[l] + L [y CO* smO 

= - + L \y (f)| L [sin t) 
s 

- 7 + L (y( 0 ) [377 1 



1 1 


5 2 + lJ 


l (y (01 = 


1 

s 


s 


2 


J 2 + l 


L [y (01 = 


1 

s 


2 


. .., s +1 1 1 

L = ~X~ = J + 1 

J * £ 


,(l) = L 


-1 


r i 
1 

5 

L J 


r t 


+ L 


-1 


1 


s 


3 


















SOLUTION OF LINEAR ODE OF SECOND ORDER 
WITH CONSTANT COEFFICIENTS AND FIRST ORDER 
SIMULTANEOUS EQUATIONS WITH CONSTANT 
COEFFICIENTS USING LAPLACE TRANSFORMATION. 


, PROBLEMS BASED ON SOLUTION OF LINEAR ODE OF 
SECOND ORDER WITH CONSTANT COEFFICIENTS 

ErampleiS Solve by using L.T. (D* + 9)pcos2l, given M If 




2 

\ 


= -l 


Solution; Given (P 2 + 9) y = oos2f k,/' {/)+(f) = cos2f 
Taking Laplace transforms on both sides, 

L[yl)] + 9LM)]“MM 

S s 2 L\y (f)] - sy (0) - / (0) + 9 L [y (f)] = 

>• sr + 4 


Using the initial conditions 

y (0) = 1, and taking y ' (0) - k 

we have 


s*L\y (()] - (s) (1) - k + 9L [y (()] = -y— 

sr + 4 


(s 2 + 9) L \y (()] = -y— + s + k 

r + 4 


L \y (01 = 


+ 


s+k 


(is 2 + 4) {s 1 + 9) 


(s 2 + 4) (s 2 + 9) ' s 2 + 9 


As + B Cs 4- D 
+ 


... (i) 


s 2 + 4 s 2 + 9 


... (A) 


s = (,4s + B) (s 2 + 9) + {Cs + D) (s 2 + 4) 


equating .9 3 on bothsides we get 0 = A + C 


equating j“ on bothsides we get 0 = B + D 
Put s = 0 on bothsides we get 0 = 9J5 + 4D 
equating s on bothsides we get 1 = 9A + 4C 


• i i 












• ♦ 


(2) =* C = -A 

(5) => 9A + 4(-A) - 1 


9A - 4A =1 


5A 


1 


(A) 


1 1 
A = 5 . C = -j 


(3) 

(4) 


D = 


9B + 4(—B) 
9B - 4B 


-B 

0 

0 


(s 2 + 4) ( s 2 + 9) 


5B = 0 

0 . 

■yt 

B = 0, D = 0 

1 1 
^5 + 0 —~ 5+0 

5 — + - 


s 2 + 4 


s 2 + 9 


5 (s 2 + 4) 5 (s 2 + 9) 


(l)=>L[y(0] = 


+ 


+ 


5 (s + 4) 5 ( s* + 9) s* + 9 s* + 9 


y(0 = 


— L -1 

5^ 


s 2 + 4 


-L~ l 

5 


s 2 + 9 


+ L 


-1 


j 2 + 9 


+ kL 


11 k 

— cos 2 1 — — cos 3 1 + cos 3t + — sin 3 1 
j 5 3 


_, jt ^ (it 

Put t = — we get y 


\ 


21 =T ( - D-j(0) + 0 + |(-l) 


But given 


7C 


\ 


= -1 


/ 


y(0 


-l 


_i_ 

5 

= ± + ^ 
5 3 

_ k_ 

3 


A: 

3 


4 

5 


/r 

3 


k = 


12 


4 . 1 

cos 3f + — sin 3f 4- — cos 2t 


1 a, 

— cos 3 1 


4 1 

y (t) = — [cos 3 1 + sin 3f] + — cos 2t 


1_ 

+ 9 


1 _k 
5 3 





Example is Solve -4-Zjj + 2y = 0 given that y = ™ = 1 at x = D using 

L.T. method. 

Solution r Given ^ - 2 ^ + 2v - 0 and y (0) = 1, y' (0) - 1 

(iv 

i.t, y" (t) - y to+ ty to ■ o 

L[y"W]-2L(F’(r)] + 2L[y(i)] = 0 
< J L|y(t)-j,(0)-/(P)]-2( I LMt)]-j l (0)] + 2L|yW] = 0 
l 2 L|y(l)-s-l]-2[iL[y(i)]-l]+2L|y(i)] = 0 
[5 2 - 2r + 2] L [y(x)l - 5-1 + 2 = 0 


.2 


[s - 2s + 2] L [y (*)] = s - 1 


l m\ 


s -1 


s-l 


s 2 - 2s + 2 (s - l) 2 + 1 


y(x) = L 1 


s -1 


2 


(i - 1) +1 


e [ L -1 


s 2 +1 


= /cost 


Example ®* Using LT solve y 1 ' -3y' + 2y = e -1 given y (0) 

y (<rt=o. 


Solution : “ 3y' + 2y * and y(0) = 1, f (0) = 0 


L[y ,r (0]"3Mr r (i)!+2Liy(0] -1*1 


,2 


r L ly(r)] - jy { P)-/ (0) -l[sl\y (01 -#)] + 2L{y{?)l 


1 


/ L {y(()] - 0 -3jL[v(f)] + 3 + 2Ljy (l)] * 


1 


J + l 


1 


(r-3f + 3) LH)] 


J +1 


+ i ~ 3 
















(j-l)( J -2)L[y(0] = 


2s — 2 


s + 1 


L \y (f)] = 


2s -2 


A B 

-r 


+ 


(s + !) (s “ 1 ) (s — 2 ) s + 1 s — 1 s — 2 


s 2 — 2s 


Put 5 = 


2 = A(.v 
1 we get 


1) ( 5 - 2 ) + B (5 + 1 ) (s - 2 ) + C (5 + 1 ) (s - 1 ) 

1 - 2 - 2 = — 2 B 
-3 = -2B 
B = 3/2 


Put s = 2 we get 4 — 4 — 2 = 3C 

C = -2/3 

Put 5 = 1 we get 1 + 2 — 2 = 6 A 

A = 1/6 


L[y (01 = 


1/6 3/2 


5 + 1 


2/3 

5 — 2 


113 1 

“T T 


6 s + 1 2 s — 1 3 s — 2 


y® ~ l L_I 


5 + 1 


+ |-L _1 
2 


5-1 


2 , — 1 
3 


1 -t , 3 t 2 2t 

= c + — (? — “ <? 

6 2 3 

Example >| Using L.T. Solve 37 + 3y - 2y - If ^ - 2x + 3y 

at fit 

given x - 0 = s when t = ft. 

Solution ; The given differential equations pan be written as 


= * 


s — 2 




>' (f) - 2x (t) + fy (f) = e* 

Taking L.T. on both aides 

L{x'(t)l + 'll[Km-2L\y(t)] = L[l] 

L[y'(f)J-2Hx(f)I + 3 L>(t)) = L\e 1 } 

5 l 4 v( 0 J-J:(f)) + 3L^(f)j-2L[y(f)] = 7 

u 

5 LH0]-^(0)-2LM0J + 3 LJy(f)J - 7 ~T 

" ■. J 4 

Given j (0) - 0, y (0) = 0 

5 L £*(')] + 3L[j(f)]-2Hy(0J = 7 - ( 1 ) 

5 L Iy (01 - 2L [*(0I + 3L[y (01 - - © 

























( 1 )* {i + 3) L [* (r)] - 2 L [y (()] 


1 

s 


1 «l 


2 L [r(0] + (5 + 3) L [y (01 •= 


5-1 


... ( 4 ) 


Solving (3) & (4) we get 


L [x (t)] = 


1 /s 

1/(5 ~ 1) 

5+3 

-2 


-2 
5 + 3 


-2 

5+3 


5 Z + 45 — 3 

5 (5 - 1) (5 + 1) (5 + 5) 


s l + 45 - 3 

5 (5 - 1) (5 + 1) (5 + 5) 


A , B , C , D 

- 1 _- 1 -- 

5 5-1 5+1 5+5 


5 2 + 45 - 3 = A(5 - 1) (5 + 1) (5 + 5) + B (5) (5 + 1) (5 + 5) 

+ C (5) (5 - 1) (5 + 5) + D (5) (5 - 1) (5 + 1) 


Put 5 = 0 we get -3 = 


= A(-l)(l)(5) 
= -5A 

= 3 
5 


Put 5 = 1 we get 

1 + 4 - 3 = 0 + B(l)( 2 )( 6 ) 

2 = 12 B 
B = 1/6 


Put s = 


—1 we get 
4 + 3= 0 + 0 + C( 
-6 = 8C 


C = —— 
4 


-1) (-2) (4) + 0 


Put s = —5 we get 

25 - 20 - 3 = 0 + 0 + 0 + D(-5) (-6) (-4) 
2 = - 120D 


D = 


L[* (01 = 


+ 4j — 3 

s (s — 1) (s + 1) (s + 5) 


3/5 , 1/6 , -3/4 , -1/60 
s s — 1 s -h 1 .y + 5 


x (t) = —L -1 — —-— — ~L _1 —-—_ — l” 1 —1— 

^ 5 j 6 5 — 14 j + 1 60 s + 5 


2 (1) +i e t _ 3 - t _ J_ - 5 t 
5 l ; 6 4 60 



Example ?? Solve x + y = sin t; x + y = cos t witti x = l atm + v = u, 
tthen t = .. 



LMO] + L[y(i)| *= Lisin fj 


) \x (f)| +1- [y' (f)| = q™ fj 


j- L [j [()] - (0) + L [y (/)] 


1 

■■■■■■ ■ ■■ 

r + 1 


qjt (oj + # l Ik (oi - y (0)3 


5 L I* (()| + L (y (t)I 




Solving (I) anti (2) m get 


(L-j J )l[y(f)] 



(1) 

P) 








(1 -s 2 )b]y (<)] 


2s 2 + 2 + 1 - s 2 
s 2 + 1 


L |y (01 


s 2 + 3 

(s 2 +1) (1 - j 2 ) 


.y 2 + 3 _ Aj + B Cj + D 

(s 2 + 1) (1 - ,s 2 ) s 2 + 1 1 - s 2 


s 2 + 3 = (As + B) (1 - j 2 ) + (Cj + D) (s 2 + 1) 


3 

Equating 5 on bothsides 

0 = - A + C 
A = C 


Equating s 2 on bothsides 
1 = - B + D 


Equating s on both sides 
0 = A + C 


Put s = 0 

3 = B + D 
A = 0 
C = 0 

i 

D = 2 
B = 1 



= sin t - 2 sinh t 


To find x (t), we have 

x (t) +/ (t) = cos t 
x(t) = cost -y' (t) 
y(t) = sin t - 2 sinh t 



cos t - 2 cosh t 


x (t) = cos t - cos t + 2 cosh t 
= 2 cosh t 

Hence x (t) =2 cosh t, y (t) = sin t - 2 sinh t 



